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In the framework of the Einstein-aether theory we consider a cosmological model, which describes
the evolution of the unit dynamic vector field with activated rotational degree of freedom. We
discuss exact solutions of the Einstein-aether theory, for which the space-time is of the Go¨del-type,
the velocity four-vector of the aether motion is characterized by a non-vanishing vorticity, thus the
rotational vectorial modes can be associated with the source of the universe rotation. The main
goal of our paper is to study the motion of test relativistic particles with vectorial internal degree
of freedom (spin or polarization), which is coupled to the unit dynamic vector field. The particles
are considered as the test ones in the given space-time background of the Go¨del-type; the spin
(polarization) coupling to the unit dynamic vector field is modeled using exact solutions of three
types. The first exact solution describes the aether with arbitrary Jacobson’s coupling constants;
the second one relates to the case, when the Jacobson’s constant responsible for the vorticity is
vanishing; the third exact solution is obtained using three constraints for the coupling constants.
The analysis of the exact expressions, which are obtained for the particle momentum and for the
spin (polarization) four-vector components, shows that the interaction of the spin (polarization)
with the unit vector field induces a rotation, which is additional to the geodesic precession of the
spin (polarization) associated with the universe rotation as a whole.
PACS numbers: 04.20.-q, 04.40.-b, 04.40.Nr, 04.50.Kd
Keywords: Alternative theories of gravity, Einstein-aether theory, unit vector field, universe rotation, spin
precession, polarization rotation
I. INTRODUCTION
The Einstein-aether theory is a version of the modified
gravity based on the introduction of a dynamic vector
field U i, which is time-like and unit, i.e., gikU
iUk = 1.
This unit vector field realizes the idea of a preferred frame
of reference (see, e.g., [1–4]), and it characterizes the ve-
locity of the aether motion (see, e.g., [5–14] for details,
references and analysis of models with various space-time
symmetries). As it was mentioned in [14], the integral
curves associated with this unit time-like field can be
interpreted in terms of a flow of an aether fluid, the ve-
locity four-vector being tangent to this flow. This aether
fluid can be considered in the context of a cosmic dark
fluid. For instance, in the works [15–19] the authors in-
terpret the vector field effects in cosmology as effects of
the dark energy and dark matter. The coupling of the
axionic dark matter to the non-uniformly moving aether
was described in [20] based on the axionic extension of
the Einstein-aether theory. The cosmological application
of the Einstein-aether-axion theory shows explicitly, that
the late-time Universe in this model expands with accel-
eration, and asymptotically, the Universe evolution is of
the de Sitter type [20]. In other words, in the context
of the Universe evolution the unit dynamic vector field,
associated with the velocity four-vector of the aether mo-
tion, produces effects identified with the cosmic dark en-
ergy influence. In order to study the ”dark properties”
of the aether, one has to elaborate a set of physical tests
clarifying the character of coupling between the dynamic
vector field and cosmic carriers of information. Keeping
in mind this idea, we studied in [21–23] a number of phe-
nomenological models of interaction of the unit vector
field with the electromagnetic field. When we deal with
microscopic description of such interactions, we need to
consider the dynamics of individual particles with spin or
polarization. The coupling of relativistic spinning parti-
cles to the axionic dark matter was described in [24, 25];
now we plan to study the influence of the dynamic aether
on the relativistic particles with spin or polarization in
the context of testing of the dark sector of the Universe.
The basic version of the Einstein-aether theory con-
tains four Jacobson’s coupling constants introduced phe-
nomenologically, C1, C2, C3, C4 [5]. A physical sense of
these parameters and their links with Newtonian gravi-
tational constant, with post-Newtonian parameters, etc.,
were discussed in many works (see, e.g., the status re-
port [11] for details and references). For our discussion
it is interesting to mention the following details. It is
well known that the covariant derivative of the vector
field ∇iUk can be decomposed into the sum of four ir-
reducible parts; the first one contains the acceleration
four-vector DUi; the second item is the symmetric shear
tensor σik; the third element of the sum is the skew-
symmetric vorticity tensor ωik; the last addend contains
the expansion scalar Θ. When one considers the appli-
cation of the Einstein-aether theory to isotropic homo-
geneous cosmological models, only one effective coupling
constant Cθ=C1+3C2+C3 enters the master equations
[11]. In fact, three constants remain hidden due to the
symmetry of such cosmological model, and the effective
2parameter Cθ appears in the Lagrangian in front of the
squared expansion scalar Θ2, which is the unique ele-
ment of decomposition of the tensor ∇iUk in the model
with such symmetry. When one deals with static spher-
ically symmetric models, the parameter Ca=C1+C4 be-
comes the key parameter, which appears in front of the
scalar DUkDU
k. The Einstein-aether model with plane-
wave symmetry involves into consideration the parameter
Cσ = C1+C3, which appears in the Lagrangian in front
of non-vanishing scalar σikσ
ik. We are interested to con-
sider the models, in which the skew-symmetric vorticity
tensor ωik plays the main role, and the removal of de-
generacy with respect to the effective coupling constant
Cω=C1−C3 takes place. In other words, we intend now
to consider the models, in which the rotational degree of
freedom in the aether flow is activated.
One of the most known space-time models admitting
the rotation in the velocity field, is the Go¨del space-
time, which describes the universe rotation. The clas-
sical Go¨del solution [26] is obtained with the assumption
that the universe contains a dust matter and is stabi-
lized by the cosmological constant. One can say using
modern terminology that this classical solution relates
to the presence of a dark fluid (a dark matter of the
dust type plus a dark energy of the Λ type). There is a
number of works (see, e.g. [27]–[42]), in which the uni-
verse rotation is associated with various modifications of
the gravitational theory (non-minimal models, in partic-
ular f(R), f(T ), f(R, T ) models, scalar-tensor theories,
vector-tensor theories of gravity, etc.). The unit dynamic
vector field, the basic element of the Einstein-aether the-
ory, was considered as a source of the universe rotation
in the works [34, 41].
Our goal is to study the behavior of relativistic test
particles possessing spin or polarization, which interact
with dynamic unit vector field. Why this behavior seems
to be interesting? Answering this question, we keep in
mind the analogy with the classical direct and reciprocal
Magnus effects. When the rotating body moves in the
fluid flow, it changes the direction of motion; when the
fluid flow is characterized by non-vanishing circulation,
the body changes the direction of motion. Now we deal
with the aether flow, which possesses the rotational de-
gree of freedom (vortex). Despite the relativistic particle
is considered to be point-like, we can expect that similar
Magnus-type interactions can appear in microscopic the-
ory also, since the particle has a vectorial internal degree
of freedom (spin or polarization). In this case the spin
(polarization) four-vector attributed to the test particle,
can be treated as a marker, and the spin precession or
polarization rotation can signalize about the interaction
of this particle with the non-uniformly moving aether. To
describe the influence of the universe rotation on the spin
(polarization) evolution we also use the extension of the
Go¨del model based on the Einstein-aether theory. Our
study includes some new details; for instance, we con-
sider an exact solution of the Go¨del-type obtained for a
matter substratum with non-vanishing anisotropic pres-
sure (e.g., for the anisotropic dark fluid), as well as, we
investigate a new exact solution without matter, valid
for the case, when the unit vector field with specific set
of Jacobson’s parameters is the source of the universe
rotation.
The paper is organized as follows. In Section II, we
remind the basic elements of the Einstein-aether theory
and introduce the system of master equations for rela-
tivistic particle dynamics and spin (polarization) evolu-
tion accounting for interactions with the dynamic aether.
In Section III, we consider the first application of the
extended model: a Go¨del-type universe supported by
aether with arbitrary Jacobson’s constants and a dark
fluid with anisotropic pressure; we discuss obtained exact
solutions to the vector field equations, to the gravity field
equations, to the equations of particle dynamics and spin
(polarization) evolution. In Section IV, we consider the
second application of the extended model: a Go¨del-type
universe supported by a pure aether with one arbitrary
Jacobson’s constant. Section V contains discussion and
conclusions.
II. THE FORMALISM
A. Action functional of the Einstein-aether theory
The Einstein-aether theory is constructed using the ac-
tion functional of the following form (see, e.g., [5]):
S(EA) =
∫
d4x
√−g
{ 1
2κ
[R+2Λ+λ (gmnU
mUn−1)+
+Kabmn∇aUm∇bUn
]
+L(m)
}
. (1)
Here, the determinant of the metric g=det(gik), the Ricci
scalar R, the cosmological constant Λ are the standard
elements of the Einstein-Hilbert action. The term L(m)
is the Lagrangian of a matter substratum. Two new el-
ements involving the vector field U i appear in (1). The
first term, λ (gmnU
mUn−1), ensures that the U i is nor-
malized to one. The second term contains all possible
pair convolutions of covariant derivatives of the vector
field U i. A necessary invariant structure is formed by Ja-
cobson’s constitutive tensor Kabmn, which is constructed
using the metric tensor gij and the velocity four-vector
Uk only:
Kabmn=C1g
abgmn+C2g
amgbn+C3g
angbm+C4U
aU bgmn.
(2)
The parameters C1, C2, C3 and C4 are Jacobson’s con-
stants.
The tensor ∇iUk can be decomposed into a sum of
its irreducible parts: the acceleration four-vector DU i,
the shear tensor σik, the vorticity tensor ωik, and the
expansion scalar Θ:
∇iUk = UiDUk + σik + ωik + 1
3
∆ikΘ . (3)
3The basic quantities are defined as follows:
DUk ≡ Um∇mUk ,
σik ≡ 1
2
∆mi ∆
n
k (∇mUn+∇nUm)−
1
3
∆ikΘ ,
ωik ≡ 1
2
∆mi ∆
n
k (∇mUn−∇nUm) , (4)
Θ ≡ ∇mUm , D ≡ U i∇i , ∆ik = δik − U iUk .
In these terms the scalar Kabmn∇aUm∇bUn can be
rewritten as
Kabmn∇aUm∇bUn =
= (C1+C4)DUkDU
k + (C1+C3)σikσ
ik + (5)
+(C1−C3)ωikωik + 1
3
(C1+3C2+C3)Θ
2 ,
thus explaining the usage of the alternative set of cou-
pling constants
Ca = C1+C4 , Cσ = C1+C3 ,
Cω = C1−C3 , Cθ = C1+3C2+C3 . (6)
Clearly, the parameter Ca appears in the Lagrangian in
front of the square of the acceleration four vector ai ≡
DU i, the parameter Cω introduces the squared vorticity
tensor, etc.
B. Field equations
1. Master equations for the unit dynamic vector field
The variation of the action (1) with respect to λ yields
the equation
gmnU
mUn = 1 , (7)
which is known to be the normalization condition of the
time-like vector field Uk. The variation of the functional
(1) with respect to vector field U i gives the equations
∇aJ aj = Ij + λ U j , (8)
where
J aj = Kabjn∇bUn , Ij = C4(DUm)(∇jUm) . (9)
The Lagrange multiplier λ can be found as
λ = Uj
[∇aJ aj − Ij] , (10)
using the convolution of (8) with the velocity four-vector.
2. Master equations for the gravitational field
The variation of the action (1) with respect to the met-
ric gik yields the gravitational field equations:
Rik − 1
2
R gik = Λgik + λUiUk + T
(U)
ik + κT
(m)
ik . (11)
The term T
(U)
ik is the stress-energy tensor of the vector
field U i:
T
(U)
ik =
1
2
gikJ am∇aUm +
+∇m [U(iJk)m−Jm(iUk)−J(ik)Um]+ (12)
C1 [(∇mUi)(∇mUk)−(∇iUm)(∇kUm)] +C4DUiDUk ,
where parentheses in the index line denote symmetriza-
tion, p(iqk)≡12 (piqk+pkqi). The stress-energy tensor T
(m)
ik
is defined standardly as
T
(m)
ik = −
2√−g
δ[
√−gL(m)]
δgik
. (13)
Using the velocity four-vector of the aether U i this tensor
can be algebraically decomposed as follows:
T
(m)
ik = ρUiUk + UiI
(q)
k + UkI
(q)
i + Pik . (14)
Here ρ is the energy density scalar with respect to a
restframe of the aether, I
(q)
k is the heat-flux four-vector,
the tensor Pik describes the anisotropic pressure. These
quantities are defined standardly as
ρ = U iT
(m)
ik U
k , I(q)p = U
iT
(m)
ik ∆
k
p ,
Ppq = ∆
i
pT
(m)
ik ∆
k
q . (15)
The four-vector I
(q)
p and the symmetric tensor Ppq are
orthogonal to the four-vector Up.
C. Dynamics of particles with vectorial internal
degree of freedom in the non-uniformly moving
aether
1. Basic equations describing massive particles with spin
The evolution of relativistic point-like particles with
an electric charge and a spin four-vector is guided by the
following set of master equations (see, e.g., [24, 43] for
motivation and details):
Dpi
Dτ
= F i , DS
i
Dτ
= Gi . (16)
Here pi is the particle momentum four-vector, and Si is
the spin four-vector. The force-like terms, F i and Gi,
describe the rates of change of the momentum and spin,
respectively; they possess three general properties.
(i). The mass of the particle, m, defined from the nor-
malization law pipi = m
2 (we use the units with ~=c=1),
is assumed to be conserved quantity, providing the four-
vector F i to be orthogonal to the momentum:
piF i = piDp
i
Dτ
=
1
2
D
Dτ
(pip
i) = 0 . (17)
(ii). Similarly, we assume that the scalar square of the
space-like spin four-vector is constant, i.e., SiSi =const=
4−S2. Then using the second equation from (16) we ob-
tain that
SiGi = SiDS
i
Dτ
=
1
2
D
Dτ
(SiS
i) = −1
2
D
Dτ
S2 = 0 , (18)
or in other words, that the force-like term Gi is orthogonal
to the spin four-vector.
(iii). We assume that the spin four-vector is orthogonal
to the momentum four-vector, Sipi = 0; then one obtains
that
D
Dτ
(piSi) = 0 ⇒ F iSi + Gipi = 0 . (19)
There are two scalar consequences from the equations
(16): their convolutions with the velocity four-vector Ui
yield
d
dτ
(piUi) = F iUi + 1
m
pipj∇(iUj) , (20)
d
dτ
(SiUi) = GiUi + 1
m
Sipj∇jUi . (21)
When the covariant derivative ∇iUj is skew-symmetric,
i.e., ∇(iUj)=0, the equation (20) shows that the particle
energy E=piU i, calculated in the frame of reference as-
sociated with the unit vector field U i, can be changed by
the force F i only.
Three equations (17), (18) and (19) are satisfied iden-
tically, when
F i = Ωikpk , Gi = ΩikSk , (22)
where Ωik is arbitrary skew-symmetric tensor,
Ωik=−Ωki. In the minimal Einstein-aether theory
the quantities F i and Gi depend on the particle momen-
tum pk, spin Sl, velocity four-vector U i, acceleration
four-vector DU i, shear tensor σik, vorticity tensor ωik
and expansion scalar Θ. In the nonminimally extended
theory the quantities F i and Gi can include also the
Riemann tensor Riklm, Ricci tensor Rik, Ricci scalar
R, and the covariant derivative of the Riemann tensor
∇sRikmn (see, e.g., [43]).
2. Basic equations for massless particles with polarization
When we are interested to consider test massless par-
ticles (m=0), the internal vectorial degree of freedom is
associated with the polarization four-vector ξi, which
is assumed to be space-like and normalized by unity
(ξiξi = −1). In this case we have to use the four-vector
ki instead of pi, and have to replace p
i
m by k
i in all the
equations of particle dynamics. The normalization con-
dition reads now as kiki = 0. The parameter τ along the
particle world-line is now defined so that ki=dx
i
dτ . For the
massless particles the basic equations transform into
Dki
Dτ
= F i , Dξ
i
Dτ
= Gi , (23)
providing the auxiliary relations
kiF i = 0 , ξiGi = 0 , F iξi + Giki = 0 , (24)
d
dτ
(kiUi) = F iUi + kikj∇(iUj) , (25)
d
dτ
(ξiUi) = GiUi + ξikj∇jUi . (26)
The reconstruction of the force-like terms F i and Gi gives
two principally new details in comparison with the case
of massive particle. The first novelty is that one can add
the terms proportional to the null four-vector ki to both
quantities F i and Gi:
F i = Ωijkj + µki , Gi = Ωijξj + µ˜ki , (27)
providing the relations (24) to be satisfied, since kik
i = 0
and ξik
i = 0. The scalar µ can be arbitrary function of
the scalar E=kiU i only. As for the scalar µ˜, it is con-
sidered to be a linear function of the scalar ξiU
i and
arbitrary function of the particle energy E .
The second distinction from the case of massless par-
ticle is that now there is some kind of gauge degree of
freedom in the definition of the polarization four-vector.
Indeed, if we put
ξ˜i = ξi +Rki , (28)
we guarantee that the same normalization-orthogonality
conditions
ξ˜iξ˜
i = −1 , ξ˜iki = 0 (29)
are satisfied for the transformed polarization four-vector.
After the transformation (28), the first equation in (23)
remains unchanged, the second equation keeps the form
Dξ˜i
Dτ
= Ωilξ˜
l + ki
[
µ˜+Rµ+ dR
dτ
]
. (30)
There are two interesting consequences from the last
equation.
(j) When dRdτ =−Rµ the transformation (28) retains the
the equation for polarization unchanged.
(jj) When µ˜+Rµ+ dRdτ =0 the transformation (28) ex-
cludes the term linear in ki from the equation of the
polarization evolution. In particular, if µ=0 (it is the
physically motivated choice, which guarantees that the
massless particle energy remains constant in the absence
of external impacts) the scalar R can be found from
the condition dRdτ =−µ˜ to redefine the polarization four-
vector. We will use such a gauge transformation of the
polarization four-vector below in Subsection IIIE3.
3. Reconstruction of the force-type sources
Keeping in mind the general relationships (22) we re-
construct the tensor Ωik using the following ansatz:
A) the tensor Ωik contains neither Si, nor ξi;
5B) the tensor Ωik is linear in the covariant derivative of
the unit vector field.
The requirements A) is based on the idea that in the
leading order of semi-classical approach the Planck con-
stant ~ does not enter the master equations; since the
spin four-vector appears in this approach in the form of
product ~Si, it seems to be reasonable to eliminate such
a quantity from Ωik. The requirement B) is typical for
forces of different kind. This approach is used in the field
theory, in transport phenomena, etc., and imply that the
forces are caused by inhomogeneous potentials, flows, etc.
In order to simplify the irreducible decomposition of
the tensor Ωik we use the representation
pi = U iE + qi , ki = U iE + qi , (31)
where the particle energy is determined with respect to
the aether velocity E ≡ Ukpk or E ≡ U jkj , and the
transversal component of the momentum four-vector is
defined as
qi ≡ ∆ikpk = pi − EU i . (32)
Also, we assume that the coefficients in the decomposi-
tion can be appropriate functions of the scalar E . The
decomposition contains terms of zero order with respect
to qi, linear, quadratic etc. For instance, zero-order and
linear terms in qi can be written as follows:
Ωik =
1
2
δmnik
[
α1UmDUn + α2ωmn + qmUn (α3 + α4Θ) +
+qjUm (α5σnj + α6ωnj) + α7qmDUn
]
. (33)
In this approximation the model contains seven coupling
parameters, when m 6= 0, and nine coupling constants,
whenm = 0 (two additional parameters can appear when
µ 6= 0 and µ˜ 6= 0).
III. FIRST APPLICATION: GO¨DEL-TYPE
UNIVERSE SUPPORTED BY AETHER WITH
ARBITRARY JACOBSON’S CONSTANTS
A. The space-time metric
The metric describing the rotating universe appeared
in the original work [26]. Using the formal redefinitions
of the coordinates (ax0 → t, ax1 → x, etc.), and of the
parameter a→ 1ν , we rewrite the Go¨del metric as follows:
ds2 = dt2 − dx2 + 1
2
e2νxdy2 + 2eνxdtdy − dz2 . (34)
The constant ν is connected with the Ricci scalar calcu-
lated for this metric as R=ν2. When ν = 0, the space-
time is flat, and we can return to the Minkowski metric
using the coordinate transformation t˜ = t + y, y˜ = y√
2
.
In the original work [26] the author assumed that the ve-
locity four-vector, associated with the source of the grav-
itational field, has only one non-vanishing contravariant
component ui=( 1a , 0, 0, 0). Since in that case the covari-
ant components of the Ricci tensor, Rik, happened to be
proportional to the product uiuk, this assumption led the
author of [26] to the conclusion that the source of the cor-
responding gravitational field is the dust with constant
energy-density, and the cosmological constant, the sign of
which is opposite of that occurring in the Einstein static
solution.
Below we consider two models of the Einstein-aether
type. In the first one we use the Go¨del’s ansatz about
the velocity four-vector; the corresponding exact solu-
tions contain arbitrary Jacobson’s constants. In the sec-
ond model we considered the velocity four-vector with
two non-vanishing components; the corresponding exact
solutions are found for Jacobson’s constants coupled by
three relationships.
B. Ansatz about the structure of the unit dynamic
vector field
In the model under consideration, for the unit dynamic
vector field we use the ansatz, which was proposed by
Go¨del in [26]:
U i = δi0 ⇒ Uk = δ0k + δ2keνx . (35)
The new detail is that in [26] the four-vector ui was the
eigen-vector of the stress-energy tensor of the dust, while
in our approach we deal with the unit dynamic vector
field U i as one of the sources of the gravity field. Another
source in our model is a Dark Fluid with an anisotropic
pressure.
The covariant derivative ∇iUk can be now written as
∇iUk = 1
2
νeνx
(
δ1i δ
2
k − δ2i δ1k
)
, (36)
providing that the acceleration four-vector, the shear ten-
sor and the expansion scalar vanish
DUk = 0 , σik = 0 , Θ = 0 . (37)
Only the vorticity tensor is non-vanishing
ωik = ∇iUk = 1
2
νeνx
(
δ1i δ
2
k − δ2i δ1k
)
. (38)
The square of the vorticity tensor is constant
ωpqωpq = ν
2 . (39)
The corresponding angular velocity four-vector is
ωj ≡ ω∗jnUn = 1
2
ωpqǫ
jnpqUn = − ν√
2
δj3 , (40)
where ǫjnpq=E
jnpq√−g is the Levi-Civita tensor, E
jnpq is
the absolutely anti-symmetric Levi-Civita symbol with
E0123 = +1. Clearly, the parameter ν describes the an-
gular velocity of the universe uniform rotation, since the
observer moving with the velocity U i is in the rest with
respect to the universe.
6C. Exact solutions to the field equations
1. Solutions to the reduced equations for the unit dynamic
vector field
Since only the vorticity tensor is non-vanishing in this
model, we obtain using (36) that
Ij = 0 , J aj = −J ja = (C1 − C3)ωaj . (41)
Thus, the field equations (8) are transformed into
(C1 − C3) e−νx d
dx
[
eνxω1j
]
= λ U j , (42)
and yield only one non-trivial equation
− ν2 (C1 − C3) = λ . (43)
In other words, the equations for the velocity four-vector
happen to be satisfied for arbitrary Jacobson’s param-
eters C1, C2, C3, C4, and the Lagrange multiplier λ is
constant and is proportional to Cω=C1−C3.
2. Solutions to the reduced equations for the gravity field
The stress-energy tensor of the unit vector field takes
now the form
T
(U)
ik =Cω
[
1
2
gikω
amωam+∇m [Uiωkm+Ukωim]
]
. (44)
The gravity field equations
Rik − 1
2
R gik − Λgik − κT (m)ik =
= ν2Cω
[
3
2
gik+2δ
1
i δ
1
k+e
2νxδ2i δ
2
k+δ
3
i δ
3
k
]
(45)
give five nontrivial equations for the metric (34)
1
2
ν2 − Λ− κT (m)00 =
3
2
ν2Cω ,
1
2
ν2eνx − Λeνx − κT (m)02 =
3
2
ν2Cωe
νx ,
1
2
ν2 + Λ− κT (m)11 =
1
2
ν2Cω , (46)
3
4
ν2e2νx − Λ1
2
e2νx − κT (m)22 =
7
4
ν2Cωe
2νx ,
1
2
ν2 + Λ− κT (m)33 = −
1
2
ν2Cω .
Compatibility conditions based on the Bianchi identities
are reduced to one equation[
d
dx
+ ν
]
T
(m)
11 +2ν
[
e−νxT (m)02 − e−2νxT (m)22
]
= 0 . (47)
We assume that the matter substratum is presented by
some quasi-dust matter, which has the pressure only in
the longitudinal direction, i.e., in the direction of the
rotation axis:
T
(m)
ik = ρUiUk + δ
3
i δ
3
kΠ . (48)
Clearly, the compatibility conditions (47) are satisfied
identically for the tensor (48). The gravity field equations
are satisfied, when
κΠ = ν2Cω , (49)
Λ =
1
2
ν2 [Cω − 1] , (50)
κρ = ν2 [1− 2Cω] , (51)
and the coupling constants C1, C2, C3, C4 are arbitrary.
Thus, we obtained the exact solution for the total self-
consistent system of equations, for which the unit vector
field can be considered as the source of the universe ro-
tation, and some material substratum with constant lon-
gitudinal pressure supports the system as a whole to be
stationary.
3. Remark concerning the specific case C1=C3
When C1=C3, i.e., Cω=0, the vorticity of the aether
flow exists, but it remains hidden in the master equations
for both the unit vector field and the gravitational field.
In other words, when C1=C3, the aether is insensible to
perturbations of the vorticity type. The coupling param-
eters Ca, Cσ, Cθ are non-vanishing, however, they are
not activated, since the acceleration, shear and expan-
sion of the aether flow are absent. Finally, when C1 = C3,
the obtained solution formally coincides with the known
Go¨del’s solution with a dust, since for this case
Λ = −1
2
ν2 , κρ = ν2 , κΠ = 0 . (52)
However, we would like to stress that it is an exact solu-
tion of the Einstein-aether model for the arbitrary cou-
pling constants Ca, Cσ, Cθ.
D. Solutions to the equations of the spinning
particle dynamics
1. Reduced master equations
Since only the vorticity tensor ωik appears in the de-
composition of the covariant derivative of the velocity
four-vector ∇iUk, many coefficients in (33) happen to be
hidden (e.g., α1, α4, α5, α7). In order to study an appro-
priate example, which demonstrates the typical behavior
of a spinning particle in this background we restrict our-
selves by the following ansatz concerning the tensor Ωik:
Ωik =
α
m
ωik . (53)
7Thus, in this section we deal with the following set of evo-
lutionary equations describing the behavior of the spin-
ning particle:
Dpi
Dτ
=
α
m
ωikp
k , (54)
DSi
Dτ
=
α
m
ωikS
k . (55)
Here we introduced a new constant α = mα2, since in
this terms the equations (54), (55) are similar to the
Bargmann–Michel–Telegdi equations without abnormal
magnetic moment (see, e.g., [44]). In the equations (54),
(55) the term ωik plays the same role, which the Maxwell
tensor Fik plays in the Lorentz force, so the constant α
has a sence of an effective charge. The force Fi itself
is the analog of the Lorentz force, but the origin of this
force is different: it is produced by the rotation of the
aether flow.
2. Particle dynamics
We consider, first, the equations of the particle dynam-
ics using the representation (38) of the vorticity tensor.
These equations can be written as follows:
dpi
dτ
− 1
2m
pjpk∂igjk =
1
2m
ναeνx
(
δ1i p
2 − δ2i p1
)
. (56)
Since the metric does not depend on time, we obtain
immediately that
dp0
dτ
= 0 ⇒ p0(τ) = K0 , (57)
i.e., the particle energy E = U ipi = p0 = K0 is constant
along the world-line. This result can also be immedi-
ately obtained from the equation (20), since the sym-
metric part of the covariant derivative ∇(iUj) vanishes,
and FiU i=F0= 0. Similarly, we obtain that
dp3
dτ
= 0 ⇒ p3 = K3 , (58)
i.e., the longitudinal component (with respect to the uni-
verse rotation axis) of the momentum four-vector is con-
stant. In order to find p1(τ) and p2(τ) we use the fol-
lowing procedure. First, we assume that the component
p1 of the particle momentum is non-vanishing, and thus,
we can link the parameter τ along the particle world-line
with the variable x by the relationship
d
dτ
=
p1
m
d
dx
. (59)
Second, using the variable x we solve the equation for p2
dp2
dx
= −1
2
ναeνx ⇒ p2(x) = K2 − 1
2
αeνx . (60)
Finally, the equation for p1
dp1
dτ
− 1
2m
[
2p0p2g′02 + p
22g′22
]
=
1
2m
ναeνxp2 , (61)
can be resolved using the normalization condition
m2=gikpipk written as follows:
p21 = 2K0
(
2K2e
−νx−α)−
−m2 −K20 −K23 −
1
2
(
2K2e
−νx−α)2 . (62)
The relation between τ and x can be found in formal
quadratures
τ − τ∗ = m
∫
dx
p1(x)
, (63)
where τ∗ is an integration constant. The integration in
this relationship requires a more detailed analysis and we
will return to this problem below.
3. Physical components of the particle momentum
As usual, to interpret physically the solutions for the
particle momentum and spin we consider the projections
of the corresponding four-vectors onto the tetrad four-
vectors X i(a), which satisfy the relations
gikX
i
(a)X
k
(b) = η(a)(b) , η
(a)(b)X i(a)X
k
(b) = g
ik , (64)
with the symbol η(a)(b) denoting the Minkowski tensor.
For the Go¨del space-time the tetrad components have the
form
X i(0) = U
i = δi0 , X
i
(1) = δ
i
1 ,
X i(2) =
√
2
(
e−νxδi2−δi0
)
, X i(3) = δ
i
3 . (65)
The physical components of the momentum are
Π(a) = X
i
(a)pi , (66)
and using the formulas (65) we obtain the following three
quantities:
Π(0)(x) = X
i
(0)pi = K0 = Π(0)(0) ≡ E ,
Π(3)(x) = X
i
(3)pi = K3 = Π(3)(0) ≡ Π|| , (67)
Π(2)(x) = X
i
(2)pi =
√
2
[
e−νxK2 −
(
K0 +
1
2
α
)]
.
Using the value Π(2)(0) instead of parameterK2 and E in-
stead of K0 we obtain the convenient formula for Π(2)(x)
Π(2)(x) = e
−νxΠ(2)(0)+
√
2
(
e−νx−1)(E+1
2
α
)
. (68)
In order to present Π(1)(x)=X
i
(1)pi in an appropriate
form, we attract the attention to the following fact:
d
dx
[
Π2(1)(x) + Π
2
(2)(x)
]
= 0 . (69)
8This means that the sum of squares of the transversal
physical components of the particle momentum is con-
stant:
Π2⊥ ≡ Π2(1)(x) + Π2(2)(x) = Π2(1)(0) + Π2(2)(0) =
= K20 −m2 −K23 = const . (70)
This fact allows us to introduce the auxiliary convenient
formulas
Π(1)(x) = Π⊥ cosΨ(x) , Π(2)(x) = Π⊥ sinΨ(x) . (71)
These formulas give the links between the parameter τ
along the particle world-line and the variable x.
4. Links between τ and x
The relation dxdτ =
p1(x)
m yields the integral
(τ − τ∗)
m
= −
∫
dx
Π(1)(x)
, (72)
which can be transformed as follows:
± ν(τ − τ∗)Π⊥
m
=
∫
dΨ
a+ sinΨ
. (73)
Here the multiplier ±1 relates to positive and negative
values of p1, respectively, and the guiding parameter a is
defined as
a ≡
√
2
(E + 12α)
Π⊥
. (74)
The final result of integration in (73) can be restructured
depending on the value of the parameter a. Let us men-
tion, that when α ≥ 0, we obtain a > 1. When α < 0,
there are three intrinsic cases: |a| > 1, |a| = 1, |a| < 1.
Let us consider these cases in more details.
(i) |a| > 1
The integration in (73) gives
tan
Ψ
2
= ±
√
a2−1
a
tan
[
ν(τ−τ∗)Π⊥
2m
√
a2−1
]
−1
a
. (75)
(ii) a = ±1
We obtain from (73) that
tan
Ψ
2
= ∓
[
2m
ν(τ − τ∗)Π⊥
]
∓ 1 . (76)
(iii) |a| < 1
The result of integration is
tan
Ψ
2
= −1
a
[
1 +
√
1− a2 tanh−1 Γ
]
,
Γ ≡ ±ν(τ − τ
∗)Π⊥
√
1− a2
2m
. (77)
When the parameter τ is expressed in terms of the quan-
tity tan Ψ2 , we can link, finally, τ and x, e.g., using the
formula
e−νxΠ(2)(0) +
√
2
(
e−νx − 1)(E + 1
2
α
)
=
= 2Π⊥
[
tan Ψ2
1 + tan2 Ψ2
]
(78)
obtained for Π(2)(x) (see (68) and (71)).
5. Evolutionary equations for the spin four-vector
For the metric (34) the equations (55) take the form
dSi
dτ
− 1
2m
Sjpk
[
δ1kg
′
ij + δ
1
i g
′
kj − δ1j g′ik
]
=
=
1
2m
ανeνx
(
δ1i S
2 − δ2i S1
)
. (79)
In order to simplify these equations we use the tetrad
components of the spin four-vector S(a) ≡ X i(a)Si:
S(0) = S0 , S(1) = S1 , S(3) = S3 ,
S(2) =
√
2
[
e−νxS2 − S0
]
. (80)
In these terms the orthogonality-normalization condi-
tions
gikpiSk = 0 ⇒
−ES(0) +Π(1)S(1) +Π(2)S(2) +Π(3)S(3) = 0 , (81)
gikSiSk = −S2 ⇒
S2 = S2(1) + S2(2) + S2(3) − S2(0) , (82)
do not depend explicitly on the metric coefficients. Using
the same relationship between τ and x as for the dynamic
equations (see (73)–(78)), we can rewrite the equations
for the spin evolution as follows:
dS(0)
dx
=
ν√
2Π(1)
[
S(1)Π(2) − S(2)Π(1)
]
, (83)
dS(1)
dx
=
ν√
2Π(1)
{
S(0)Π(2) +
+S(2)
[
α+
√
2Π(2)+Π(0)
]}
, (84)
dS(2)
dx
= − ν√
2Π(1)
{
S(0)Π(1) +
+S(1)
[
α+
√
2Π(2)+Π(0)
]}
, (85)
dS(3)
dx
= 0 . (86)
The last equation gives S(3) = E(3) =const, so that the
longitudinal component of spin four-vector remains con-
stant and is decoupled from the key set of evolutionary
equations (83)–(85) for S(0), S(1), S(2).
9The solutions to the set of the equations (83)–(85) with
integration constants associated with relationships (81)
and (82) can be presented in the following form:
S(0)(x) = S(3)
Π(0)Π(3)
(Π2(0)−Π2⊥)
+AΠ2⊥ cosΦ(x) , (87)
S(1)(x) = S(3)
Π(1)Π(3)
(Π2(0)−Π2⊥)
+
+A
[
Π(0)Π(1) cosΦ(x)−Π(2)
√
Π2(0)−Π2⊥ sinΦ(x)
]
,(88)
S(2)(x) = S(3)
Π(2)Π(3)
(Π2(0)−Π2⊥)
+
+A
[
Π(0)Π(2) cosΦ(x)+Π(1)
√
Π2(0)−Π2⊥ sinΦ(x)
]
.(89)
In these formulas the quantity A given by
A ≡
√
(Π2(0)−Π2⊥) S2 −m2S2(3)
Π⊥(Π2(0)−Π2⊥)
, (90)
contains the integrals of motion only, i.e., it is constant
along the particle world-line. The phase function Φ(x) is
presented by the integral
Φ(x) =
ν√
2
√
Π2(0)−Π2⊥
∫
dx
Π(1)(x)
(91)
with Π(1)(x) given by (71). In more details we obtain
Φ(x) = − ν√
2
(τ − τ∗)
√
1 +
Π2||
m2
. (92)
6. Transversal motion
Let the constant of motion K3 be equal to zero. This
means that Π(3)(x)=0 for arbitrary x, i.e., the longitudi-
nal (with respect to the direction of axis of the universe
rotation) component of particle momentum is vanishing,
the particle moves in the plane x1Ox2. There are some
simplifications in the formulas for the spin in this case:
S(0)(x) = S∗
Π⊥
m
cosΦ(x) , (93)
S(1)(x) = S∗
[ E
m
cosΨ cosΦ− sinΨ sinΦ
]
, (94)
S(2)(x) = S∗
[ E
m
sinΨ cosΦ+cosΨ sinΦ
]
, (95)
where we introduced the new auxiliary constant
S∗ =
√
S2 − S2(3) . (96)
7. Longitudinal motion
Let us consider the case, when the transversal integral
of motion vanishes, i.e., Π⊥=0. This means that for ar-
bitrary x the physical components of transversal momen-
tum vanish, Π(1)(x)=Π(2)(x) = 0. Since p1=Π(1)(x)=0
the particle does not move in the Ox direction. As for
the direction Oy, we see that p2=Eeνx 6= 0. The particle
motion in the direction Oz is uniform, p3=Π||. Since
p1 = 0 we have no possibility to link the variable x
and the parameter along the particle world-line τ , and
now the procedure of the integration of the master equa-
tions for the spin evolution differs from the procedure
described above. For the motion with Π⊥=0 the orthog-
onality condition pkS
k=0 reduces to ES(0)=Π||S(3) with
constant values S(0) and S(3). For simplicity, we put these
physical components of the spin four-vector equal to zero,
S(0)=S(3)=0, and then the evolution of S(1), S(2) compo-
nents are guided by the simple system of equations:
dS(1)
dτ
= −ω∗ S(2) ,
dS(2)
dτ
= ω∗ S(1) , (97)
where the constant ω∗ is defined as
ω∗ ≡ ν√
2m
(α+E) . (98)
The corresponding solutions
S(1)(τ) = S(1)(0) cosω∗τ − S(2)(0) sinω∗τ ,
S(2)(τ) = S(2)(0) cosω∗τ + S(1)(0) sinω∗τ , (99)
describe the spin precession with the constant angular
velocity ω∗, and with the amplitude
S⊥=
√
S2(1)(0)+S
2
(2)(0) = S , (100)
which coincides with the normalization constant S.
E. Dynamics of massless particle and polarization
rotation
When m=0 and thus kiki = 0, we have to use the
coefficient α2 instead α/m, which we introduced in the
Section III D 1 for convenience. The master equations,
which we have to solve, are of the form:
dki
dτ
−1
2
kjkk∂igjk =
1
2
να2e
νx
(
δ1i k
2−δ2i k1
)
+µki , (101)
dξi
dτ
− 1
2
ξjkl
[
δ1l g
′
ij + δ
1
i g
′
lj − δ1j g′il
]
=
=
1
2
α2νe
νx
(
δ1i ξ
2 − δ2i ξ1
)
+ µ˜ki . (102)
When α2 = 0 and µ 6= 0, the equation (20) yields
d
dτ
E = µE ⇒ E(τ) = E(0)eµτ . (103)
Clearly, the physically motivated model has to be char-
acterized by vanishing value of this parameter, µ=0.
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1. Polarization in case of arbitrary direction of motion
When the massless particle has non-vanishing longi-
tudinal and transversal components of the momentum,
we can write the results of integration of the basic equa-
tions as follows. First, we use the gauge transformation
(28) with R=− ∫ dτµ˜ to eliminate the term µ˜ki in the
equation (102) (see (30) for details). Then we take the
solutions (67) and (87)–(89) and rewrite them using the
notations Π(i) → π(i), S(i) → s(i), Ψ → ψ, Φ → φ,
respectively, for the physical components of the momen-
tum vector ki and of the polarization ξi, as well as, the
following simplifications:√
π2(0)−π2⊥ = π|| , A =
1
π⊥π||
. (104)
The corresponding solutions are
s(0) =
1
π||
[
s(3) π(0) + π⊥ cosφ(x)
]
, (105)
s(1) =
1
π||
[
s(3)π(1)+
+ π(0) cosψ cosφ(x)−π|| sinψ sinφ(x)
]
, (106)
s(2) =
1
π||
[
s(3)π(2)+
+ π(0) sinψ cosφ(x)+π|| cosψ sinφ(x)
]
. (107)
The phase function φ(x) is now given by
φ(x) =
ν√
2
∫
dx
π(1)(x)
= − ν√
2
(τ − τ∗) . (108)
As usual, the component s(3) remains constant. There
are two special cases in the polarization dynamics.
2. Longitudinal particle motion
When π⊥=0 and thus π(1)=π(2)=0, π(0)=π||, the for-
mulas (106) - (107) for the transversal components of spin
simplify as follows:
s(1)=cos [ψ+φ] , s(2)=sin [ψ+φ] . (109)
Clearly, s2(1)+s
2
(2)=1. Also, we see from (105) that
s(0)=s(3). We can use again the gauge transformation
(28) with the following specifications
R=− ξ(0)
π(0)
, µ˜ = µ = 0 , ξ˜(1) = ξ(1) , ξ˜(2) = ξ(2) ,
ξ˜(0) = ξ(0) +Rπ(0) , ξ˜(3) = ξ(3) +Rπ|| , (110)
thus avoiding the non-physical components of the polar-
ization four-vector, ξ˜(0)=ξ˜(3)=0. Equivalently, the polar-
ization precession can be described by the formulas (99),
in which the quantity
ω∗ ≡ ν√
2
(α2+E) (111)
plays the role of the precession frequency; for the case of
massless particle it becomes the frequency of the polar-
ization rotation.
3. Transversal particle motion
When π||=0, we can not use, formally speaking, the
formulas (105)–(107), since the vanishing term π|| is in
the denominator. In order to discuss the corresponding
solutions we can use the following tactics. First, one can
check directly that the formulas
s(0) = π(0)
√
1− s2(3)
(
ντ√
2
)
, (112)
s(1) =
√
1− s2(3)
[
π(1)
(
ντ√
2
)
− π(2)
π(0)
]
, (113)
s(2) =
√
1− s2(3)
[
π(2)
(
ντ√
2
)
+
π(1)
π(0)
]
, (114)
give the exact solutions for the case π||=0 and s(3)=const.
Then we can find that the gauge transformation (28) with
the following specifications
R=
√
1−s2(3)
(
ντ√
2
)
, µ˜=−dR
dτ
, (115)
gives the solutions, which do not depend on the proper
time τ , and are free from the non-physical linear growth
of the components of the polarization four-vector:
s˜(0) = 0 , (116)
s˜(1) = −
π(2)
π(0)
√
1− s2(3) , (117)
s˜(2) =
π(1)
π(0)
√
1− s2(3) . (118)
Clearly, the orthogonality/normalization relationships
π(0)s(0) = π(1)s(1)+π(2)s(2) ,
1 = −s2(0) + s2(1) + s2(2) + s2(3) , (119)
are satisfied identically.
IV. SECOND APPLICATION: GO¨DEL-TYPE
UNIVERSE SUPPORTED BY A PURE AETHER
WITH ONE INDEPENDENT JACOBSON’S
CONSTANT
A. Exact solution to the field equations for the
model of pure aether
Let us consider the Go¨del-type universe without mat-
ter substratum, i.e., let us suggest that a pure aether is
the source of the universe rotation. As it will be shown
below, such possibility exists only if there are some con-
straints for the coupling constants C1, C2, C3, C4. Let
us analyze this case in more details.
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1. Ansatz about the structure of the unit vector field
Now we assume, that the velocity four-vector has two
non-vanishing components
U i =
√
1 + v2 δi0 + v δ
i
1 , (120)
Uk =
√
1 + v2 δ0k − v δ1k +
√
1 + v2eνx δ2k . (121)
In these terms the quantity v is the constant, which de-
scribes the U1 component of the unit vector field. Re-
spectively, the square root
√
1 + v2 is the U0 component
of the velocity four-vector, and the parameter u ≡ v√
1+v2
describes the three-dimensional velocity of the aether.
Thus, the aether moves in the direction Ox, the param-
eter v is unlimited, −∞ < v < ∞, and the parameter u
is restricted by u2 < 1. The normalization condition is
satisfied for arbitrary constants v and/or u.
The covariant derivative ∇iUk contains, formally
speaking, all four elements of decomposition (3)
DUk = v
√
1 + v2 νeνxδ2k , Θ = vν , (122)
ωik =
ν
2
(1+v2)3/2eνx


0 0 −u 0
0 0 1 0
u −1 0 0
0 0 0 0

 , σij=νv
(
1+v2
)
3


u2 −u − 12eνxu2 0−u 1 12eνxu 0
−12eνxu2 12eνxu −e2νx
(
1+u2
)
0
0 0 0 1−u2

 .
The square of the vorticity tensor remains constant
ωpqωpq = (1 + v
2)2ν2 , (123)
and the angular velocity four-vector of the aether flow is
again directed along the axis 0x3:
ω∗j ≡ ω∗jnUn = −ν(1 + v
2)√
2
δj3 . (124)
It is interesting to mention that the angular velocity of
the rotation of the aether flow is again constant, but its
value differs from ν by the factor (1+v2). This means
that the geometric parameter ν is not now responsible for
the aether rotation, and since v is unlimited, the aether
rotation rate can exceed significantly the rate of the uni-
verse rotation.
2. Reduced equations for the unit dynamic vector field
For the aether motion of the discussed type the quan-
tities Ij and J aj take the form
Ij = −C4ν2v
√
1 + v2
[
vδj0 +
√
1 + v2δj1
]
, (125)
J aj = ν
√
v2 + 1


(
2C4
(
v2 + 1
)− C2)u (C1 − C3) (−2C4(v2+1) + C1 + 2C2 + C3)ue−νx 0(
2C4v
2 − C1 + C3
) −C2u − (2C4v2 − C1 + C3) e−νx 0
(C1 + 2C2 + C3)ue
−νx −(C1 − C3)e−νx −2(C1 + C2 + C3)ue−2νx 0
0 0 0 −C2u

 .
The field equations (8) can be transformed into two
algebraic equations for one unknown quantity λ
(−C1 + C3 + 2C4v2)ν2 = λ ,
− 2C4(1 + v2)ν2 = λ . (126)
These equations are compatible, when the parameters
C1, C2, C3, C4, v are coupled by the relation
2C4(1 + 2v
2) = C1 − C3 , (127)
thus, the quantity λ reads
λ = (C3 − C1) (1 + v
2)
(1 + 2v2)
ν2 . (128)
Clearly, searching for λ we are facing with two cases: first,
when v is expressed in terms of Jacobson’s parameters,
second, when v is arbitrary; these two versions can be
realized as follows.
(i) C4 6= 0
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In this case we obtain
v2 =
C1 − C3 − 2C4
4C4
,
λ = −1
2
(C1 − C3 + 2C4)ν2 , (129)
Jacobson’s constants being arbitrary (C2 is hidden).
(ii) C4 = 0
Now we see that
C1 = C3 , C4 = 0 ⇒ λ = 0 , (130)
v, C2 and C3 are arbitrary.
To choose one from these two versions we have to study
the reduced equations for the gravity field.
3. Reduced equations for the gravitational field
When C4 6= 0, the gravity field equations are of the
form
1
2
ν2 =
ν2
16C4
[−C21 + 7C23 + 12C24 − 4C3C4−
−2C1(C2 + 3C3 − 10C4) + 2C2(C3 + 2C4)] ,
1
2
ν2eνx =
ν2
16C4
[−C21 + 7C23 + 12C24 − 4C3C4−
−2C1(C2 + 3C3 − 10C4) + 2C2(C3 + 2C4)] eνx ,
1
2
ν2 =
ν2
16C4
[
C21 + (C3 − 2C4)2+
+2C1(C2 − C3 + 2C4)− 2C2(C3 + 2C4] , (131)
3
4
ν2e2νx =
ν2
32C4
[−C21 + 15C23 + 28C24 − 12C3C4−
−2C1(C2 + 7C3 − 22C4) + 2C2(C3 + 2C4)] e2νx ,
1
2
ν2 = − ν
2
16C4
[
C21 + (C3 − 2C4)2−
−2C1(C2 + C3 − 2C4) + 2C2(C3 + 2C4)] .
There is one important consequence of this set of equa-
tions, namely
ν2
8C4
(C1 − C3 + 2C4)2 = 0 . (132)
Clearly, in combination with (127) this consequence leads
to v2 = −1, i.e., the parameter v is imaginary. Thus the
case C4 6= 0 should be excluded from consideration.
When C4=0, the constants C1 and C3 coincides,
C1=C3, and λ=0; in this case there are two independent
equations in the set of gravity field equations, which can
be written as
1 = −v2(C2 + 4C3) , 1 = v2C2 . (133)
Clearly, the parameter v can be expressed through C2 as
follows: v2 = 1C2 . In other words, the solution of the
total set of master equations with given ansatz for the
velocity four-vector exists, when
C1 = C3 = −1
2
C2 , C4 = 0 ,
λ = 0 , v = ± 1√
C2
. (134)
The positive coupling constant C2 remains arbitrary in
the value, and the constants C1 and C3 are negative.
4. The velocities of propagation of scalar, vectorial and
tensorial modes in the aether
The interesting detail of this model concerns propaga-
tion velocities of scalar, vectorial and tensorial modes (or,
for short, of modes spin-0, spin-1, spin-2, respectively).
As it was mentioned in [11], the squares of the three-
dimensional velocities can be represented via Jacobson’s
constants by the following formulas:
a2(0) =
(C1+C2+C3)(2−C1−C4)
(C1+C4)(1−C1−C3)(2+C1+C3+3C2) ,(135)
a2(1) =
2C1 − C21 + C23
2(C1 + C4)(1 − C1 − C3) , (136)
a2(2) =
1
1− C1 − C3 . (137)
In the first application, there was no restrictions for these
velocities, since when the universe evolution is guided by
aether and quasi-dust substratum, the Jacobson’s con-
stants were considered to be arbitrary parameters. In
the universe supported by the pure aether the mentioned
mode velocities have the form
a2(0) = 0 , a
2
(1) = a
2
(2)=
1
1+C2
=
v2
1+v2
≡ u2 . (138)
In other words, the scalar mode is stopped (suppressed),
and the vectorial and tensorial modes propagate with
equal velocities, which coincide with the three-velocity
of the aether motion.
B. Spin-particle dynamics in the Go¨del-type
universe supported by the pure aether
In the previous section we have studied the model, in
which the aether flow was characterized by the vorticity
tensor ωik only, and this elegant model admits exact ex-
plicit solutions to the equations of particle dynamics and
spin (polarization) evolution. Now we discuss the sec-
ond background model for which all the irreducible parts
of the covariant derivative of the velocity four-vector are
non-vanishing. As a consequence, the solutions to the
equations of particle dynamics and spin (polarization)
evolution are much more sophisticated, and we do not
intend to discuss their general solutions for arbitrary set
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of coupling parameters α1, ...α7, etc. Since our goal is to
study the effects of spin precession and of polarization
rotation, induced by the coupling to the non-uniformly
moving aether, we simplify our task as follows. Let five
coefficients from seven in the formula (33) be equal to
zero
α3 = α4 = α5 = α6 = α7 = 0 , (139)
and other two be linked by
2α1 = α2 =
α
m
. (140)
Then the tensor Ωik contains the contributions from the
vorticity tensor ωik (as in the previous case) and addi-
tional contribution from the acceleration four-vectorDUi
Ωik =
α
m
[
1
2
(UiDUk − UkDUi) + ωik
]
. (141)
Again the antisymmetric tensor Ωik is characterized by
only one non-vanishing component
Ω12 =
αν
2m
√
1 + v2 eνx , (142)
so the particle momentum and spin four-vectors evolution
are governed by the equations
Dpi
Dτ
=
αν
2m
√
1 + v2 eνx
(
δ1i p
2 − δ2i p1
)
, (143)
DSi
Dτ
=
αν
2m
√
1 + v2 eνx
(
δ1i S
2 − δ2i S1
)
. (144)
The right hand side of these equations differ from (56)
and (79) by the factor
√
1 + v2 only. This means that for
the description of the particle dynamics and spin evolu-
tion we can use the solutions (67), (71), and (87)–(92), in
which the coefficient α is replaced with α
√
1 + v2. Sim-
ilar results are obtained for massless particles with po-
larization; in that case we have to replace the coupling
constant α2 with α2
√
1 + v2.
V. DISCUSSION
The unit dynamic vector field, which is associated with
the velocity of the aether flow, plays a twofold role in the
modeling of the universe evolution. The first aspect of
this role concerns the creation of a specific surrounding
space-time, which inherits the properties of the aether
flow. Generally, the aether flow is non-uniform and in-
homogeneous, i.e., it is characterized by the acceleration,
shear, vorticity and expansion. In the first application
we focused on the case, when only vorticity of the aether
flow is non-vanishing, and the aether angular velocity is
constant. In the second application we assumed that the
acceleration, shear and expansion are also non-vanishing.
The master equations for the gravity field (see (11)–(14))
admit the exact solutions of the Go¨del-type with the met-
ric (34), which can be divided into two classes. The so-
lutions of the first class assume the presence of a matter
as a counterpart of the vector field, the second source
of the gravitational field. For instance, the classical so-
lution obtained by Go¨del in [26] is associated with two
sources: the dust matter with constant energy density
and the cosmological constant. Consistency of the cor-
responding Einstein equations is provided by the param-
eters fine-tuning: the dust energy density and the cos-
mological constant are specifically expressed in terms of
the universe rotation parameter ν. The solutions of the
second class are obtained with the assumption that the
vector field is the unique source of the gravity field, but
the vector field possesses specific internal properties. The
solutions of the first class are illustrated in Section III,
where a new exact solution to the master equations for
the gravity field is found, which describes the space-time
of the Go¨del-type supported by the dynamic aether and
stabilized by a matter substratum with anisotropic pres-
sure. The solutions of the second class are discussed in
Section IY; they are admissible, when the scalar modes in
the aether are suppressed and the vectorial and tensorial
modes propagate with equal velocities, which coincide
with the three-velocity of the aether motion as a whole.
The second aspect of the role of the aether flow is
related with various marker-effects, which occur in the
spatially inhomogeneous non-uniformly moving aether.
Clearly, speaking about an aether we imagine some
medium, and the aether flow is associated in our mind
with its velocity field, which can be laminar, can con-
tain vortex, can be characterized by shear, acceleration
and expansion, as the fluid flows, which we see in the
life. Marker-systems such as test particles with spin or
polarization can signalize to observers, that the aether
flow is rotating, by two channels. The first channel is
indicated as a geodesic precession; this type of spin pre-
cession or polarization rotation is caused by the universe
rotation as a whole; it is a global channel of informa-
tion. Also, the vortex in the aether flow can interact
directly with test marker systems, thus displaying the
modus operandi of forces, which act on the test relativis-
tic particle in the aether flow. There are two typical
markers which can bring the global and local informa-
tion about the aether rotation: massive test particles
with spin and massless test particles with polarization
(e.g., photons). In the presented work, we have modeled
the corresponding forces for both relativistic massive and
massless particles, and solved the equations of the parti-
cle dynamics, spin precession and polarization rotation.
The main results are the following.
If the coupling constant α in the Lorentz-type forces
(54), (55) vanishes, there is no direct influence of the
aether on the particle, thus the test relativistic massive
particle with spin or massless particle with polarization
move along geodesic lines thus monitoring the structure
of the gravity field created by the aether with vorticity.
In this submodel the exact solutions for the components
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of the particle momentum (see (62)–(71)) can be inter-
preted in terms of Magnus effect. Indeed, we can con-
sider the shifts in the p1 and p2 components (appeared
only if ν 6= 0) as known hydrodynamic effects in the ro-
tating fluid flow occurring in the plane orthogonal to the
fluid rotation axis. We also found that the character of
the spin evolution can be indicated as a precession. The
angular frequency of the spin precession (and of the po-
larization rotation for the massless particle) is predeter-
mined by the parameter ν and depends essentially on the
character of particle motion. This can be illustrated, for
instance, by the formulas (87)–(92) with α=0; this type
of precession can be indicated as geodesic precession, but
we understand that the parameter ν is now originated
from the vorticity tensor characterizing the aether flow.
If the coupling constant α is non-vanishing, i.e., there
exists a direct influence of the aether flow on the particle
motion and spin (polarization) evolution, the situation
becomes more sophisticated. We deal now with particle
rotation around the axis of the aether vortex; this rota-
tion looks like the rotation of an electrically charged par-
ticle moving in the magnetic field (see (70), (71)). The
spin precession in this case can be indicated as hybrid
precession. Indeed, it is a composition of the geodesic
precession and rotation caused by the Lorentz-type force
produced by the vortex in the aether flow; e.g., the hybrid
frequency of the spin precession is given by (98).
When we deal with massless particles (e.g., photons)
with polarization, one can speak about polarization ro-
tation instead of spin precession. Generally, the formulas
describing these two processes are similar, nevertheless,
there is a specific case, when the massless particle moves
in the plane orthogonal to the axis pointing the direction
of the rotation of the aether flow. As it was shown in
the Section III (compare (105)–(107) with (116)–(118)),
we faced with a specific situation, which appears also in
ultrarelativistic systems of spinning particles [45].
When the aether flow is characterized by acceleration,
shear, expansion in addition to the vorticity, the particle
motion and the spin evolution become much more so-
phisticated. We discussed in this paper only one exact
solution of this type in order to illustrate one important
idea. In Section IV we have shown that, when the aether
velocity has the non-vanishing component in the direc-
tion orthogonal to the axis of the aether flow rotation,
the frequency of the spin precession can be much bigger
than the frequency of the aether flow rotation.
We consider the presented theoretical results as a basis
for new constraints on the coupling constants C1, C2, C3,
C4 and α; however, this task is beyond of the scope of
this work, and we hope to study this problem in future.
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